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Abstract 

We give a short proof of the following known congruence: for every odd prime p 
p - X "LV 2 



EL ^-^(-i) 2 ^ (modp 2 ). 



. k 

k=0 

Moreover, we provide some new results connected with the above congruence. 



1 Introduction 

The congruence mentioned in the abstract had been conjectured by Rodriguez- Villegas 
in [3] and it is connected with some properties of the hypergeometric families of Calabi- 
Yau manifolds. In [3], Mortenson proved the congruence by using the theory of Gaussian 
hypergeometric series, the properties of the p-adic T-function, and a strange combinatorial 
identity. In this short note we would like to present a new proof of the congruence which is 
elementary and uses a different combinatorial identity. The following theorem establishes 
a more general result, and the conjecture follows immediately by taking a = and (3 = —1 
and by noting that p 2 divides ) for < k < p — 1. 

Theorem Let p be an odd prime and let a, (3 G Z p , then 

M*J — 16* J a2 p {modp) - 

k=0 v 7 k=0 v 7 



Remarks. If we denote by T(a, (3) the LHS of the above congruence then it is easy to 
realize (see the RHS) that this function has some interesting symmetries 

T(a,0) = T(f3,a) = (-l) £ 2 i T(-a, -0) (mod p 2 ). 

Moreover, by setting in a proper way the parameters a and (3 we can show several results: 
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(i) By letting a = 1 — t and (3 = —t then by the above symmetry we have that 



2 



Hence, since the Fibonacci and the Lucas sequences are respectively given by = (t* 
(1 - t) fc )/v / 5 and L k = (t k + (1 - t) k ) for t = (1 + VE)/2 then for any odd prime p: 

p- 1 (2k\ 2 F fc 

if p = 1 (mod 4) then N I I — r = (mod p 2 ) 

\ fc / 16 fe 
fc=o v 7 

P- 1 / 2 £A 2 ^ 

if p = 3 (mod 4) then } I I — r = (mod p 2 ). 

V k } 16 fe 
fc=o v 7 

(ii) The following result had been conjectured by Zhi-Wei Sun in [5]. 
If p = 3 (mod 4), by (ii) for f = 1/2 we have 



fc=o v 7 



On the other hand, if p = 1 (mod 4) then let / = (p — l)/4 and let x = 1 (mod 4) such 
that p = x 2 + y 2 : Thus by our theorem for a = 1/2 and /3 = —1/2 we obtain 

£f?V^ = *- / £fY)Vi)*-(-4)-'f a n = ax-|: 



fc=0 v 7 k=0 v 7 v ^ 7 

where in the last step we used Theorem 9.4.3 in Q]. 

2 Proof of the Theorem 

The following identity is well-known (see for example 3.18 in [2]): for any non negative 
integer n, and any real numbers a, (5 

n /__\ / i 7 \ M /_\ 2 



We give here a straighforward proof via generating functions. Let F(z) = ^fc>o ( fc ) 
(1 - then the LHS is a binomial transform and therefore it is given by 

rni 1 F ( \ _(l-(a-(3)z) n 



1 - (a - 0)z V 1 - (« - 0) z ) J (1 - «^) n+1 

Let Cr(.z) = X^ifc>o (fc) 2 ' = (1 + z ) n then the RHS is another binomial transform and it is 
equal to 

rni 1 c ( \_(l-(a-P)zY 



1 — az \l — az)J (1 — az) n+l 
Thus the identity holds and since 

n\ fn + k\ _ fn + k\ (Ik 
k)\ k J { 2k (k 
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it can be restated as follows 



?("i*)(*) (< -^ = ?0'^- 

k — k — 

In order to complete the proof it suffices to note that for n = (p — l)/2 we have that 
\ k iJi ioa i >2\ rr fc (oa n2 



+k\_ nu(p - (2j - 1) 2 ) _ n;=i(2j - 1) 2 _ (2k 



2k J " 4 fc (2A:)! (-4) fc (2fc)! " 



(-16)" fc (modp 2 ). 



This key-congruence appears both in [S] (as an observation of Z. H. Sun) and in [3] (see 
Proposition 2.5). □ 
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